
NOTE:

A Second-Order Metho d fo r Interface Reconstruction

in Orthogonal Co o rdinate Systems

P . Colella,

� ;

1

D. T. Gra v es

� ; 1

and J. A. Greenough

y ; 1

E-mail: DTGra v es@lbl.go v

�

Applie d Numeric al A lgorithms Gr oup, L awr enc e Berkeley National L ab or atory, Berkeley,

CA 94720;

y

A-Division, L awr enc e Livermor e National L ab or atory, Livermor e, CA 94550

W e presen t a second-order algorithm for reconstructing an in terface from

a distribution of v olume fractions in a general orthogonal co ordinate sys-

tem with deriv ativ es appro ximated using �nite di�erences. The metho d

appro ximates the in terface curv e b y a piecewise-linear pro�le. An in tegral

form ulation is used that accoun ts for the orthogonal co ordinate system in a

natural w a y . W e presen t results obtained using this metho d for trac king a

material in terface b et w een t w o compressible media in spherical co ordinates
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tems, In terface Reconstruction

1. INTR ODUCTION

The v olume-of-
uid approac h pro vides an implicit represen tation of a sharp fron t

b y sp ecifying the v olume o ccupied on eac h side of the fron t in eac h grid cell. This

represen tation w as originally motiv ated b y the sp eci�c case of the in terface b et w een

t w o materials, in whic h the v olumes con tain parcels of t w o di�eren t 
uids, eac h with

its o wn mass, energy and equation of state. The v olume-of-
uid approac h to trac k-

ing in terfaces has b een used b y man y including [5], [3 ] and [4 ]. In a more general

fron t trac king setting, the v olume-of-
uid approac h giv es a con v enien t represen ta-

tion, particularly in settings where discrete conserv ation is imp ortan t. In that case,

the v olumes on either side of the fron t form the basis for p erforming a conserv ativ e,

�nite-v olume discretization of conserv ation la ws.
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In this note, w e presen t a metho d for computing a v olume-of-
uid represen tation

of a fron t suitable for use in an y orthogonal co ordinate system. It is based on the

relationship (�rst noted in [2 ]) b et w een a v olume-of-
uid description of a fron t and

the lo cal represen tation of that fron t as the graph of a function.

In the case of Cartesian co ordinates, the metho d in [2] pro vides a second-order

accurate reconstruction of the surface geometry from the v olume fractions and is

exact for 
at surfaces. There are a n um b er of algorithms that meet these require-

men ts for Cartesian co ordinates in t w o and three dimensions. See, for example [1]

and [4 ]. Ho w ev er the extension of these algorithms to other orthogonal co ordinate

systems has b een un wieldy . The principal con tribution of the algorithm describ ed

in this note is that it is second-order accurate and straigh tforw ard to implemen t

for the most commonly used orthogonal co ordinate systems.

2. V OLUME OF FLUIDS O VER VIEW

W e are giv en a v elo cit y �eld ~ s whic h extends smo othly to the en tire domain and

the lo cation of the in terface ~ x . The motion of the in terface is giv en b y

d ~ x

dt

= ( ~ s � ^n ) ^ n (1)

where ^n is the in terface normal. W e can describ e the in terface as a piecewise-

constan t function f

�

whic h is zero outside 
uid � and unit y inside. If w e do so,

equation 1 is formally equiv alen t to

@ f

�

@ t

+ ~ s � r f

�

= 0 : (2)

By de�nition, f

�

is the v olume fraction of 
uid � . W e use the conserv ativ e form of

equation 2:
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+ r � ( f
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~ s ) = f

�

r � ~ s: (3)

W e no w describ e the Cartesian algorithm and the algorithm for general orthogonal

co ordinates.

2.1. Cartesian Algorithm Sp eci�cation

De�ne our Cartesian co ordinates to b e ( x; y ) W e discretize the co ordinate space

with equally-spaced grid p oin ts with separation � x = � y = h . A cell in real space

is �

i;j

= [ ih; ( i + 1) h ] � [ j h; ( j + 1) h ]. In t w o-dimensional Cartesian co ordian tes,

equation 3 b ecomes
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The v olume-of-
uid metho d can b e divided in to three steps whic h are rep eated for

eac h dimension in an op erator-split fashion:

� W e use the v olume fractions of eac h 
uid to reconstruct as a lo cal graph the

connectivit y and geometric con�guration of eac h 
uid.
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FIG. 1. Illustration of adv ection of in terface. The v olume 
uxed out of the cell during a

time step � t is sho wn b y the dashed rectangle. The quadrilateral v olume of 
uid 1 and 
uid 2

with this rectangle are the v olume 
uxes ( F

V �

) of 
uid 1 and 
uid 2 during the time step.

� W e use this lo cal graph to geometrically construct the v olume 
ux of eac h 
uid.

� W e up date the v olume fractions with an op erator- split discretization of equa-

tion 4.

W e lo cally reconstruct the surface as a graph of a function g of the form ( x; g ( x ))

or ( g ( y ) ; y ). See Miller and Puc k ett [4] for details of ho w this c hoice is made. If

w e set x

2

Low

= ( j � s )� x

1

for some in teger s whic h is su�cien tly large, then the

column heigh t C

�

of the 
uid is giv en b y

C

�

i;j
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j

X

j

0
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f

�
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0

h
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(5)

The function g is a linear function whose slop e m is computed using �nite di�erences

of the column heigh ts of the 
uid

m =

C

�

i +1 ;j

� C

�

i � 1 ;j

2 h

(6)

F or eac h sw eep, w e geometrically construct the v olume 
ux and then up date the

cell. Consider �gure 1 and supp ose that w e are doing a sw eep in the x direction.

The distance that a particle tra v els to get to the face of the cell is d

x

= s

x

k where

k is the time step. De�ne F

�;i +

1

2

to b e the v olume of 
uid � b et w een the the

x = h ( i +

1

2

) � s

x

k line and the x = h ( i +

1

2

) line. This is the 
ux through the face

of 
uid � . The discrete div ergence of F

�

is a consiten t discretization of r � ( ~ s f

�

).

The up date of the v olume fraction for the x sw eep tak es the form
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When the r � ~ s in the righ t-hand side of equation 3 is the div ergence of the v elo c-

it y �eld, often the righ t-hand side is not directionally op erator-split, but included

fractionally in eac h up date.

3. RESUL TS AND CONCLUSIONS

The presen t reconstruction algorithm is used in the con text of m ulti-
uid gas

dynamics as done in Miller and Puc k ett [4] and Colella, Glaz and F erguson [1].
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These are higher-order Go duno v metho ds in whic h the 
uid v elo cit y is single- v alued

in m ulti-
uid cells. Appropriate single-
uid a v erage states are computed in m ulti-


uid cells. The state is extrap olated from cell cen ters to edges and there a Riemann

problem is solv ed using a single-
uid algorithm. The in terface is then adv ected using

this edge-cen tered Go duno v v elo cit y . The only substan tial w a y in whic h the curren t

algorithm di�ers from Miller and Puc k ett is the w a y in whic h the construction is

done.

W e presen t results of the reconstruction metho d for a h ydro dynamics problem in

spherical geometry . The problem is that of a dense gas spherical shell em b edded in

a ligh t gas bac kground. The outer edge of the dense shell is pressurized (heated)

so that a strong sho c k is driv en in to the shell to w ards the origin thereb y forcing

an implosion. The outer edge of the shell is driv en out w ard where it ev en tually

mo v es out of the computational domain. W e run the calculation using spherical

( r � � ) co ordinates. Figure (2) sho ws the ev olution of the v olume fraction in r � �

co ordinates. As the solution pro ceeds, the grid resolution remains adequate and

the in terface remains smo oth.

W e ha v e presen ted a v olume-of-
uid reconstruction algorithm for represen ting

sharp fron ts in orthogonal co ordinates in t w o dimensions. The ideas here can b e

routinely extended to three dimensional orthogonal co ordinates. An in triguing

p ossibilit y is that of extending this approac h to general mapp ed grids.
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FIG. 2. The ev olution of the v olume fraction in r � � co ordinates.


