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Abstract

This report discussesan implementation [1] of an Adaptive Mesh Re nement (AMR)
Poissonsolver which solves Poisson'sequation using multigrid relaxation. Local re ne-
ment intro ducesseveral addedissues. Special care hasbeentaken to match the solution
acrosscoarse/ ne interfacessothat the solution maintains global secondorder accuracy
The nested meshhierarchy can be de ned by the user, Richardson extrapolation, or a

usersupplied criterion. Extensive useof Boxlib [2] hasreducedthe bookkeepingneeded
by the authors.

1 Motiv ation

Many physical problemshave variations in scale. When solving these problemsnumerically,
high grid resolution is neededto adequatelysolwe the equations. Howewer, there are often
also large portions of the domain where high levels of re nement are not needed;using a
highly re ned meshin theseregionsrepresets a waste of computational e ort. Limitations
on computational resourcesoften force a compromiseon grid resolution, resulting in under-
resolution of the problem. By locally re ning the meshonly where needed,Adaptive Mesh
Re nemernt (AMR) allowsconcertration of e ort whereit is neededallowing better resolution
of the problem.Solutionsto Poisson'sequation, for example,canexhibit this type of variation,
due to local concertration of chargesor boundary conditions. A familiarity with multigrid
methods for solving linear problemsis assumed;a good referenceis Briggs [3].

Ph.D. candidate in medanical engineering, U.C. Berkeley, supported by the Computational Science
Graduate Fellowship Program of the Department of Energy

YGraduate student in physics, U.C. Berkeley, supported by ONR-AASERT N100014-94-1-1033



O cells that need to be refined

Figure 1: Block structured re nement of cells.
2 Grid Structure

We wish to compute solutionsto Poisson'sequation,
= on 1)

Howe\er, this doesnot fully state the problembecausehe grid structure hasnot beende ned.

The basicideawill beto start with a uniform coarsemeshwhich coversthe ertire domain
and computea solution on this grid. We decidewherethe error is high in this solution and
wherewe would like increasedresolution. We then locally re ne in theseregions. If desired,
thesere ned regionsmay be re ned still further where necessaryto adequatelyresole the
solution. In principle, there is no limit to the number of times an areacan be re ned. Any
number of methods can be usedto identify regionswhere re nement is desired. We have
found that using Richardson extrapolation as an estimator of the local truncation error of
the shemeworks well for solutionsto Poisson'sequation.

We are goingto usea block structured approad, which is shavn in Figure 1. In a block
structured approad, patchesor sub-domainsare re ned instead of individual cells;this way
areasthat need more accuracy can be covered with a relatively small number of re ned
blocks. This resultsin more internal areafor the amourt of coarse/ ne interface processing.
While a block structured approad results in someunnecessarye nement, the advantages
of this approad are better e ciency of data accessand better amortization of the overhead
costsof irregular operations (lik e interlevel commnunication) over a larger number of regular
operationson a grid.

This block structured approad was rst deweloped by Bergerand Oliger [4] for hyperbolic
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PDE's, and was extendedto shack hydrodynamics by Berger and Colella [5]. Bell et al
[6] found this approat to be highly e cient for three-dimensionalsystemsof hyperbolic
consenation laws. Also, Almgren et al [7] have extendedthis approad to the solution of the
variable density incompressibleNavier-Stokes equations.

In general,we will have a number of di erent levelsof re nement, 0 ~ . Level0
is the coarsestlevel, and the level 0 grid coversthe ertire domain. Finer levelswill be made
up of one or more re ned patcheswhich will not, in general, cover the ertire domain (We
would hope they do not { that is the ertire point of local re nement). ~ denotesthe union
of thesepatches. @ will denotethe boundary of level *. For simplicity, we will often use
two levels as an example. In this case,the coarseand ne domainswill be denotedby ¢
and T, respectively.

Wherethey do not extend all the way to a physical boundary, re ned patcheswill needto
useinformation from coarsergrids to provide boundary conditions. To simplify the passing
of information betweenre nement levels, we will require that the re ned grids be \prop erly
nested". Any re ned grid must be borderedby either a physical boundary (wherethe normal
physical boundary conditions will apply), another grid at the samelevel of re nement (where
boundary conditions will simply be copied from the adjoining grid), or grids with only one
level of re nement less (where boundary conditions will be interpolated from the coarser
level). Written formally:

RP( *)= " 2)
P(C ™) () 3)
where P is the projection operator, * ! ~ 1 and R is the rening operator ~ ! ~ + 1.

Boundariesof *! canintersectboundariesof ~ only at the boundary of the domain. An
exampleof a properly nestedgrid is shavn in Figure 2. In the following algorithm, we will
restrict re nements to be by a factor of two for simplicity. This is not essehal, and di erent
re nement ratios have beenusedin other applications of the AMR approad.

3 Discretization

For easeof formulation, ~and onalevel * are cell { certered. This simpli es the book-
keepinginvolved in maintaining a solution with di erent levels of re nement. In cortrast, in
a nodal point sthemethe points on the boundary belongto both the ne grid and the coarse
grid. In this cell { certered sheme " isonlydenedon f and Cisdenedon ¢ P( ),
whereP is the projection operator. In other words, and areonly de ned on a grid where
it is not overlain by a ner grid. So, we are computing a solution on a composite of valid



Figure 2: A properly nestedgrid.

regionson di erent levels. We will call this union of valid regionsthe composite grid:
= (P @)

Care must be taken to make the coarse/ ne grid interfaceswork seamlesslyand to make
sure we get the accuracywe expect. This is a casewherethe naive approad will not work.
As an example,sohe ¢ ¢ = ¢ where °is the averageof '. Interpolate the boundary
valueson the border cellsof f to obtain the boundary conditions for the ne mesh. Then
sohe f T = T Asit turns out, this givesthe sameaccuracyasthe coarsegrid alone. What
happened? is cortinuous at the interface betweenthe two domains, € and f; howewer,
&€ is not cortinuous across@ . The jump in & is O(h°). This discortinuity looks like a
charge on the interface. The issueis that this approad only transfersinformation from the
coarsegrid to the ne but not badk again. The coarsegrid passesanformation in the form
of a Dirichlet boundary condition. The ne grid solution usesthe the Dirichlet boundary
condition; howeer, it changesthe slope of the solution along the interface. Not passingthis
changeof the solution bad to the coarsegrid is the reasonthis method fails. In other words,
the coarsegrid solution newer seesthe e ect of the ner grids. So, we needto enforceboth
Dirichlet and Neumannmatching at the coarse- neinterface. This is the elliptic matching

condition that must be met at coarse- neinterfaces.

Becauseof this, we must construct a composite Laplacian operator L( ) which is de ned
for the di erent regionsin the composite domain. For the region away from @ ' in ¢ the
operator is simply the normal coarsegrid stencil:

(% =l + Tyt Gat § 1 45)A0% (5)



For regionsaway from @ " in ' the operator is the usual ne grid stencil:

(D =Clag* Tt Gat g 450 (6)
In the boundary regionwe will needto use ux dierencing ( =r f,wheref=r ):
( )y = r f
= (Feyy Byt fyer By )=h (7)
f =
1
Fiegg = pliag wl (8)
1
figg = plu 0yl 9)
1
fijer = i ij |; (10)
1
fiy 1= nb i il (11)

Using a cortrol volume, the discrete form of the Laplacian operator can be found. For
example,considera ne grid to the left of a coarsegrid, asin Figure 3. Placing our cortrol
volume around the coarsecell adjacert to the coarse/ ne interface and summing the uxes
passingin and out of the box,

( )= (fi+%;j iavg;j + fi;j+% fi;j %):hci (12)
1
iav;J = E(f tfop + f ottom); (13)
where 1
ftf0p=b0ttom = h_f( inter polated f): (14)

On the boundary between coarseand ne grids, ™erpolated js calculated along @ ' by
interpolation, shavn in Figure 3. First, quadratic interpolation is usedparallel to the interface
to get the intermediate points above and below the coarsegrid location. Then another
guadratic interpolation is usednormal to the interfaceto get valuesin the ne grid \ghost
cell" positionsoutsidethe ne grid. f T for ne cellsadjacert to the coarse/ ne interfacecan
be computedwith the normal stencil using theseborder values,sincethis will be equivalernt
to enforcingthe ux matching condition acrossthe interface.

Quadratic interpolation is the minimum necessaryto maintain secondorder accuracy
globally. Sincethe Laplacian is a secondderivative operator, it involvesa division by h?. If
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Figure 3: Interpolation on the coarse ne boundary: Use quadratic interpolation through
coarsecells (open circles) to get intermediate values (solid circles), then use intermediate
value with ne cells (X's) to get \ghost cell" values(circled X's) for computing coarse- ne
uxes (arrows).
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Figure 4. Modi ed interpolation stencil: Sinceleft coarsecell is coveredby a ne grid, use
shifted coarsegrid stencil (opencircles)to getintermediate values(solid circles),then perform
nal interpolation as beforeto get valuesfor \ghost cell" values(circled X's). Note that to
perform interpolation for the vertical coarse- neinterface,we will needto shift coarsestencil
down.

an interpolated quartit y hasan error of O(hP), dividing by h? in the derivative resultsin an
error of O(hP 2). So,with quadratic interpolation (p = 3), there is still an O(h) error at the
coarse- neinterface. Howewer, sincethe coarse- neinterfaceis a set of codimensionone, we
can drop one order of accuracyand still be O(h?) globally. Sincewe want to usethis type
of quadratic interpolation whereer possibleto link the coarseand ne grids, we must use
di erent interpolation stencilsfor special casedike ne grid corners(Figure 4). If oneof the
coarsegrid cellsin the usual stencil is covered by a ner grid, we then shift the stencil so
that only coarsecellsin ( ¢ P( ')) areusedin the interpolation parallel to the coarse- ne
interface. If a suitable coarsegrid stencil parallel to the interface does not exist, we then
drop the order of interpolation and usewhatever coarsecellswe do have.

Interpolating using both coarseand ne grids and using the same uxes for both coarse
and ne grids links the two grids enoughto x the coarse- neinterface problem. We now
can attain the improved accuracyexpectedfrom re nemernt.



4  Multigrid  for AMR

The algorithm described here is a cell-certered extension of the node-cetered algorithm
of Almgren, et al [8]. A similar algorithm was used for steady incompressible ow for by
Thompsonand Ferziger[9] We want to solve

L()= on (15)

whereL ( ) is the composite Laplacian operator descrited above.

For ea re nement level from * = 0t0 " max, We will obviously needto store , , and

,where and areonlydenedon = P( *!), that is, wherever  is not over lain

by a ner grid. Sincewe are using the residual-correctionformulation, for ead level we will
alsohave to de ne the residualR and the correctione on the ertire

Now that we have de ned the variableswhich exist on eat level, we needto de ne the
operators that we will useto generatethe solution. First, the simplestoperatoris M (),
which is simply the v e-point Laplacian on the physical domain ©°.

The secondoperator we will de ne is the Laplacianonalevel, L (), which is de ned on
P( *'). Away from the boundariesof ,L () issimplythenormal "  that weare

usedto dealingwith. In cells which abut the physical boundary or the = ! boundary,
we interpolate valuesinto the border cells, and then evaluate ™ as usual. Finally, for
cellsadjacert to the = *!' boundary, we useour ux matching condition to generatethe

uxes acrossthe boundary. Thus, we always interpolate coarsegrid information asmertioned
earlier, and we always usethe ux matching condition to represen the in uence of the ner
grids.

Third, we de ne the \no ne" Laplacian,L""( ; 1), where isdenedon and
“lisdenedon ' P( ). This operator, which is de ned on , resenblesthe L
operator, except that we assumethat there is no ner grid information. So, away from
the boundariesof , it is just the normal v e point stencil. At the boundaries,we either
use interpolated Dirichlet boundary conditions asin Figures 3 and 4 or physical boundary
conditionswhere ~ meetsa physical boundary. On the coarsestievel, this is the sameasthe
ho() operator descrited above.

Finally, we will needsomethingwhich performsa point relaxation for Poisson'sEquation.
So,we de ne GSRB.LEVEL(e ;R ;h) on . This doesoneiteration of Gauss-Seidelvith
Red-Blad ordering on the data on level *. This operation should know nothing about other
levels, although it should know the appropriate operators and boundary conditions to relax
on ead level. Therefore,this operator looks like:

g =¢ + fL" (e;e '=0) Ryg (16)



with red-blak ordering. Red-blak ordering meansthat we relax using two passeghrough

the domain in a chekerboard pattern: on the rst pass,we relax on points where (i+]) is

ewen (the RED pass); on the second,we relax on points where (i+j) is odd (the BLACK

pass). Note that, becausehe GSRB_LEVEL is designedto be unaware of both coarserand
ner levels,the relaxation usesL™ " with all the coarsegrid information setto 0. For interior

cells, we usethe normal relaxation parameter iner ior = %. For boundary cells, we will use
boundary = % inter ior @S the relaxation parameter.

For ead level, the residual will cortain two componerts. First, asin normal multigrid
relaxation, the residual on the level * cortains the residual from higher ( ner) levels, mostly
the low waverumber error that is not damped out by the GSRB iterations at the ner levels.
In addition, there is the residual from the operators on level © wherethere are no overlying
ner grids. If there is no overlying ne grid, then we are starting our multigrid V cycle on
this level; otherwise,we are simply cortinuing the multigrid relaxation which was begunon
the ner lewels.

The basic algorithm is structured like a basic multigrid Poissonsolwe { we start at the
nest lewvels, then progressiely coarsenand relax our way down the V-cycle, then solve on
the coarsestlevel, then interpolate and relax our way badk up the V-cycle. The di erence is
that in this case,the grids we're solving on may not encompasshe ertire physical domain.

First, we de ne the residual on the nest level:
R‘max = ‘max L‘max( ) (17)

Note that sincethis is occurring at the nest level, the only boundary conditions are inter-
polated onesfrom either the ",,ax 1 grid or the physical boundary.

Then, starting at level " ,ax, We relax on eat level on the way down to the coarsestievel.
For ead individual level relaxation on the way down, this is the algorithm. First, setthe
correction for next coarsestlevel e ! equalto O (to provide a boundary condition for the
currert level.) Also, save a copy of the current versionof  for later. Then, perform a
GSRB_LEVEL operation on the currernt level:

e := GSRB.LEVEL(e:;R :h) (18)
Then, usethis correctionto update on this level:
= +e (19)

We will needthis current versionof to enforcethe ux-matc hing conditionsat the interface
betweenthis level and the next coarserone. Then, de ne the residual on the next coarsest
level. Where the current ner grid overlays the coarsergrid, averagethe residual (after
correcting it to include the current correction) on this level down to the next coarsestlevel.



Otherwise, usethe coarsergrid information:

S ( AveragéR L" ' (e;e 1) onP( )

R L () on 1 P()

(20)

Then, repeat this processon the next coarsest(" 1) level. When we arrive at the coarsest
level, we have one domain. We can then iterate on Me” = R% on °. Oncethat is done,
update the coarselevel solution, °:= %+ €° and start badk up the V-cycle.

The procedureon the way up is slightly di erent. First, we update the ne grid (level °)
correction:
e = e + Interpolate(e ?) (21)

Howewer, now we cannot blithely go directly to a GSRB_LEVEL iteration, becausewe now
have a coarsegrid correction which we will needto useasa boundary condition. We handle
this the sameway we handle any problem with inhomogeneousoundary conditions: we
precondition the problem to make it homogeneousSo,we rst must modify the residual:

R:=R L"(e;e (22)

Wethen de ne acorrectionto the correction, e, setit to 0, andthen performa GSRB_LEVEL
operation on it:
e := GSRB.LEVEL( e;R;h) (23)

Then, we update rst the correction, and then the copy of ~ which we had saved:
e e+ e (24)
= e e (25)

We continue this processon the next level up (level " + 1), until we have updated all the levels
up to the nest level. This V-cycle is repeated until we have reducedthe residual below our
tolerancefor ead level (kR k< k kfor = 0;::; max, Where is our tolerance.).

Summarizing, the algorithm is:
R = L():
While (jRj > j )

R = L():

MGRelax( ™).
EndWhile

ProcedureMGRelax(’):
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if C="")thenR :=  L":( ; D
if (' > 0) then

“;isave =
e 1:=0
e := GSRB.LEVEL (e ;R ;h)

\:: ‘+e\

R 1:= AveragdR L"" (e;e 1)) on P( )
R = 1L ¥)on ' P()
MGRelax(" 1)

e := e + Interpolate(e )
R:=R L"(e;e
e =0
e := GSRB.LEVEL( ;R ;h)
e =e+ e
C.= savey g
else

sole/relax Me?=R? on ©

0.— 04 b
Endif

5 Error Estimation

Once a solution has been constructed on the existing hierarchy of grids, we may needto

construct newre ned levels, or we may decideto alter existing levelsin order to improve our
solution. Before constructing new grids, we must decidewherethey are needed.To do this,

we go through ead existing level and \tag" cellswherere nemernt is desired. In this process,
we may alsodecidethat previously re ned cellswere unnecessarand deallocate portions of
re ned domains. There are many possiblecriteria for decidingwherere nement is necessary
In many physical problems, physical quartities like sharp densily gradierts or large charge
distributions may provide indicators for re nement. The current implemertation of the code
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Figure 5. Replacingerror in ne grid boundary cells (shaded)with adjacert values.

is capableof using sud user-suppliedcriteria to trigger re nement.

In the current implemenation, Richardson extrapolation can also be usedto nd areas
wherethe local truncation error is large, indicating a needfor re nement. The basicideais
to apply the operator (in this case,the Laplacian) to the existing solution, coarsenit, and
then compareit to the operator applied to a coarsenedversion of the solution. It can be
shawvn that the di erence betweenthe two is proportional to the local truncation error. In
terms of the existing operators,

Error = AveragdL™ ( )) L" %(Averagd )) (26)

Sincewe want to estimate the error on all existing levels, including those partially over
lain by re ned grids, we needto modify this procedureslightly. Where a grid is coveredby a
re ned patch, we usethe error computedon the re ned level. Sincewe know that the error
is proportional to h?, we canrescalethe ne error by multiplying by (L‘—f)2 (the squareof the
re nemernt ratio) and averageit onto the coarsergrid. This givesa reasonableapproximation
of what the error in a re ned regionwould be if there was no re nement.

As mertioned before,we expect that the shemewill loseaccuracyat coarse- neinterfaces
and that the local truncation error will be O(h) (one order lower than the rest of the scheme)
due to the coarse- neinterpolation error. For the samereasons,the schemewill also lose
accuracyat physical boundaries,sincewe're using quadratic interpolation there aswell. So,
if we naively usethe error computedusing equation (26) here,we will seea large error, which
will appearin a single layer of cells on both the coarseand ne sidesof the interface. Both
in theory and in practice, howe\er, this error on the coarse- neinterface doesnot a ect the
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Figure 6: Replacing error on coarseside of coarse- ne interface with boundary cells from
averaged ne grid values(shaded).

global accuracy of the stheme, sinceit is on a set of one dimensionlessthan the problem
space.

So,we do not want to usethe local truncation error computedon thesecellsas a re ne-
mert criterion; if we did, re ned grids would simply expanduntil they readed the physical
boundaries. We don't, howewer, want to ignore the possibility that it may be desirableto
re ne theseboundary cells. So, for eat boundary cell, we copy the error from an adjacen
cell which is untainted by the interpolation error. Becauseareasof high error tend to be
patches,rather than singlecells, this works to indicate placeswherewe want to re ne. Since
the interpolation error manifestsitself only in cellsadjacen to the coarse/ ne interface, only
onelayer of ne cellsand onelayer of coarsecellsneedbe overwritten. In all caseswe copy
along an outward normal to the interface. On the outer boundariesof ne levels and at
physical boundaries,this is straightforward, as shovn in Figure 5. On coarsegrids, this is
simpli ed by the fact that we have alreadyrescaledand averagedthe corrected ne grid error
onto the coarsegrid. So, we can simply copy the error outward from the interior boundary
cells of the projection of the ne level, asshovn in Figure 6.

Oncewe have compensatedfor the e ects of re ned grids and interpolation errors, we can
stepthrough ead grid andtag cellswhere\er the error is greaterthan the desiredtolerance. In
our implemertation, we tag cellswheneer the error is greaterthan a user-suppliedtolerance

error Multiplied by max( ).
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6 Creation of the Grid Hierarc hy

Oncewe have decidedwhich cellsareto be re ned, we needto usethis information to create
a hierarchy of levels. We usethe algorithm of Berger and Rigoutsos[10], in which tagged
points are clusteredinto e cient boxes. The e ciency of a grid is de ned asthe number of
cellsin the grid which weretaggedfor re nement divided by the total number of cellsin the
grid. The grid generatortakesa list of tagged points and draws the smallest possiblebox
around them. If this grid doesnot meetan e ciency criterion (typically eff ,.;;  0:7 or so),
the grid generatorwill look for the bestway to subdivide the taggedpoints in order to create
more e cient boxes.

The grid generatoris designedio be asindependen of the rest of the code aspossible.In
the currert implemertation it is a separateobject, which only needsthe currerntly existing
grids, the basedomain at ead existing level's resolution, and an array of taggedcells.

7 Implemen tation

In the actual implemertation of the AMR algorithm, a domain at level * () is madeup of
a union of rectangular domains, so

=l (27)
The rectangulardomains ** can overlap. Sincethere is no unique decompsition of  into
its constituent rectangles,one designpoint of the algorithm will be that the results should
be independen of the particular decompsition chosen. In regionswherethe di erent  's
overlap, the values must be the same,if there is to be any hope of meeting the goal of
decompsition independence. (Note: while the algorithm will allow overlapping rectangles,
the grid generatorusedwill not createthem.)

In actuality, all quartities will be de ned on eat subdomain ¥, rather than only the
valid regions = P( *1). In the coveredregionsP( *') the grid quartities will be de ned
asthe averaged ne grid values: = Averagé *') onP( *1).

When a new level is created, it is usefulto initialize it with the best guessat a solution
possible,to speed multigrid corvergence. To this end, whenewer a new level  is created
(or recreated,in the caseof regridding) we rst copy the solution from previously existing
grids at level = whereer possible(this is relevant whenewer we are changing the grids on a
preexistinglevel, rather than creatinga completelynewone), and then usepiecewiseconstar
interpolation of the next coarserlevel 1) solutionto Il in the rest of the new . In this
way, the new grids start o cortaining an accuraterepresetation of the currert solution.

In its current implementation, the AMRP oissoncode is written in C++ and Fortran. The
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Figure 7: Sample .

basicorganization and data structures are in C++, while the actual numericsare performed
in Fortran. There are three main data structures. The classlevelAMR cortains all data
and operationsfor a singlere nement level, which is de ned on a union of rectangular grids.
The classAMRP oissonis a parert classwhich contains and managesthe ertire hierardy,
which includes an array of levelAMR's. User interfacesare built into this class, as well.
Finally, the classGridGeneratoris basicallythe grid generatorobject descriked earlier. These
classesare built upon Boxlib, which is a library of C++ classesfor managing rectangular
domainsdeweloped by the Certer for Computational Scienceand Engineeringat the Lawrence
Livermore National Laboratory [2].

8 Timing and Convergence Results

The AMRPoissoncode was tested on a sample problem with  equal to three Gaussian
charges,asshowvn in Figure 7. To give an ideaof grid placemen, the grids usedfor a solution
with two levels of re nement are shavn aswell. To judge the e ects of adaptivity, we solved
this problem with a seriesof coarserbase grids, but with the sameerror tolerance. By
doing this, we solve the problem to the samelevel of accuracyead time, but more levels of
re nement becomenecessarasthe basegrid becomesoarser. By setting the error tolerance
error fOr the Richardson extrapolation error tagging routine to be 0.0005, no re nements
were neededfor a basegrid of 1024 X 1024, while one level of re nement was neededfor a
512 X 512 basegrid (and two levels were neededfor a 256 X 256 basegrid, etc.). For all of
the solutions, the maximum error on the nest grid as computed using Equation (26) was
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BaseGrid Size| h= 1/64 | 1/128 | 1/256 | 1/512 | 1/1024 | total

1024x 1024 - - - - 1048576|| 1048576
512x 512 - - |- | 262144] 2304 | 264448
256 x 256 - |- | 65536] 10496 | 2304 || 78336
128x 128 - 16384| 17280| 10496 | 2304 | 46464
64 x 64 4096 | 15360| 17152| 10496 | 2304 || 49408

Table 1: Number of cellsat ead grid resolution, tabulated for di erent basegrid sizeswhen
solving sampleproblem

4.27E-4. To shov the e ects of adaptivity on the resulting grid hierarcy, the total number
of cellson ead level is tabulated in Table 1. It is worth noting that, in every solution where
re nemernt is employed, the number of cellsat the nest resolutionis constart at 2304,while
the number of cellsat the second nest resolution is constart at 10496. This points to the
e ectivenessf Richardsonextrapolation asa consistem indicator of the necessaryesolution
for attaining a given level of accuracyin the solution.

Adding local re nement to the solution did slov down the corvergencerates of the multi-
grid cyclesomewhat. The corvergenceresults are shovn in Table 2. With no re nemert, the
Max(residual) was reducedby an averagefactor of 18.6 per multigrid cycle. In other words,
the maximum of the residual after one full multigrid V-cycle was, on average,Fl:6 times the
maximum residual at the start of the V-cycle. When one or two levels of re nement (with a
re nement ratio of 2) were addedto the solution, the convergencerate dropped to an aver-
agefactor 10.1reduction per multigrid cycle. When a fourth level was added, howe\er, the
convergencerate increasedto an averagefactor 15.2 reduction in the max(residual). With
a re nement ratio of 4, the corvergenceappearsto be somewhatbetter; one level of re ne-
mert corvergedwith an averagefactor 18.4 reduction in the residual, while for two levels,
the max(residual) was reducedby an averagefactor of 15.8 per multigrid iteration. Using
a re nement ratio of 8 led to a markedly poorer performance,however. One level of factor
8 re nement only shoved an averagereduction in the max(residual) of a factor of 5.6 per
multigrid cycle. For the rest of this section,all timing results usea re nement ratio of two.

To easily judge the e ects of adaptivity, timings were normalized by the timing for the
unre ned 1024 X 1024 solution, which was 58.11secon an SGI Power Challenge(using O1
optimization). Also, the total number of cellsfor all levelsin ead solution (including the non-
valid portions wheregrids are over lain by ner grids) wasrecordedand likewisenormalized
by the total number of cells for the unre ned grid, 1048576. The total number of cellsis
an indicator of how much memory was usedin the solution. A log plot of thesenormalized
resultsappearin Figure 8. As canbe seen,the total number of cellsin the solution decreases
with the number of re nement levels, ranging from 30.6%o0f the basenumber of cellswith one

16



Re nement Ratio 1 level 2lewvels | 3levels | 4 levels
(no re nement)
2 18.61 10.1 10.1 15.2
4 18.61 18.4 15.8 |-
8 18.61 5.59 |- |-

Table 2: Convergencerates (averagefactor by which max(residual) is reducedfor eat multi-
grid iteration), tabulated for di erent re nement ratios and number of levels of re nement

level of re nement to 4.5%of the basenumber of cellswith three levelsof re nement. Adding

afourth level of re nement actually increasesthe total number of cellsbecausesomuch of the

baselevel is beingre ned (in this case,93.750f the domainis re ned to level 1). The timings

initially decreasestrongly with additional levelsof re nement, up to two levels of re nemert,

then level o at around 15% of the CPU time for the unre ned solution and actually rise
slightly. This leveling o is dueto the needwhenusing Richardsonextrapolation to compute
asolutionwith © 1 levelsbeforegeneratinga 'th level. In other words, to computea solution

with two levels of re nement, rst a single grid solution must be computed, then the error

estimator de nes the level 1 grids, which are then usedto compute a two level solution, and

then the error estimator is ableto createthe level 2 grids basedon the error computedin the

two level composite solution. Sincethe coarserlevelsare,in general,smallin comparisonto a
ner basedomain, this is generallyinexpensive. Howewer, with more levelsof re nemert, this

canbeginto o set the savingsin computational time. It should be noted, howeer, that even

oncethe break even point has beenreathed on CPU time, the additional re nement in this

casestill represets a savingsin memory Obviously, whenthe total number of cellsincreases,
asis the casebetweenthree and four levels of re nement, CPU time will increasefaster than

the number of cellsin the solution, due to the overheadof generatingand managingthe grid

hierardhy.
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Normalized Timings and Cellcounts

Normalized Timings
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Figure 8: Normalizedtimings.
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