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Abstract

This report discussesan implementation [1] of an Adaptiv e MeshRe�nement (AMR)
Poissonsolver which solvesPoisson'sequation using multigrid relaxation. Local re�ne-
ment introducesseveral addedissues.Special carehasbeentaken to match the solution
acrosscoarse/�ne interfacessothat the solution maintains global secondorder accuracy.
The nestedmeshhierarchy can be de�ned by the user, Richardson extrapolation, or a
usersupplied criterion. Extensive useof Boxlib [2] hasreducedthe bookkeepingneeded
by the authors.

1 Motiv ation

Many physical problemshave variations in scale. When solving theseproblemsnumerically,
high grid resolution is neededto adequatelysolve the equations. However, there are often
also large portions of the domain where high levels of re�nement are not needed;using a
highly re�ned meshin theseregionsrepresents a waste of computational e�ort. Limitations
on computational resourcesoften force a compromiseon grid resolution, resulting in under-
resolution of the problem. By locally re�ning the meshonly whereneeded,Adaptive Mesh
Re�nement (AMR) allowsconcentration of e�ort whereit is needed,allowing better resolution
of the problem.Solutionsto Poisson'sequation,for example,canexhibit this typeof variation,
due to local concentration of chargesor boundary conditions. A familiarit y with multigrid
methods for solving linear problemsis assumed;a good referenceis Briggs [3].
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cells that need to be refined

Figure 1: Block structured re�nement of cells.

2 Grid Structure

We wish to computesolutions to Poisson'sequation,

� � = � on 
 : (1)

However, this doesnot fully state the problembecausethe grid structure hasnot beende�ned.

The basicideawill be to start with a uniform coarsemeshwhich coversthe entire domain

 and computea solution on this grid. We decidewherethe error is high in this solution and
wherewe would like increasedresolution. We then locally re�ne in theseregions. If desired,
thesere�ned regionsmay be re�ned still further where necessaryto adequatelyresolve the
solution. In principle, there is no limit to the number of times an area can be re�ned. Any
number of methods can be used to identify regionswhere re�nement is desired. We have
found that using Richardson extrapolation as an estimator of the local truncation error of
the schemeworks well for solutions to Poisson'sequation.

We are going to usea block structured approach, which is shown in Figure 1. In a block
structured approach, patchesor sub-domainsare re�ned instead of individual cells; this way
areas that need more accuracy can be covered with a relatively small number of re�ned
blocks. This results in more internal areafor the amount of coarse/�ne interfaceprocessing.
While a block structured approach results in someunnecessaryre�nement, the advantages
of this approach are better e�ciency of data accessand better amortization of the overhead
costsof irregular operations (like interlevel communication) over a larger number of regular
operations on a grid.

This block structured approach was�rst developed by Bergerand Oliger [4] for hyperbolic
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PDE's, and was extended to shock hydrodynamics by Berger and Colella [5]. Bell et al
[6] found this approach to be highly e�cien t for three-dimensionalsystemsof hyperbolic
conservation laws. Also, Almgren et al [7] have extendedthis approach to the solution of the
variable density incompressibleNavier-Stokesequations.

In general,we will have a number of di�erent levels of re�nement, 0 � ` � `max . Level 0
is the coarsestlevel, and the level 0 grid covers the entire domain. Finer levels will be made
up of one or more re�ned patches which will not, in general,cover the entire domain (We
would hope they do not { that is the entire point of local re�nement). 
 ` denotesthe union
of thesepatches. @
 ` will denote the boundary of level `. For simplicity, we will often use
two levels as an example. In this case,the coarseand �ne domains will be denoted by 
 c

and 
 f , respectively.

Where they do not extendall the way to a physical boundary, re�ned patcheswill needto
useinformation from coarsergrids to provide boundary conditions. To simplify the passing
of information betweenre�nement levels, we will require that the re�ned grids be \prop erly
nested". Any re�ned grid must be borderedby either a physical boundary (wherethe normal
physical boundary conditionswill apply), another grid at the samelevel of re�nement (where
boundary conditions will simply be copied from the adjoining grid), or grids with only one
level of re�nement less (where boundary conditions will be interpolated from the coarser
level). Written formally:

R(P(
 `+1 )) = 
 `+1 ; (2)

P(
 `+1 ) � (
 ` ) (3)

where P is the projection operator, ` ! ` � 1 and R is the re�ning operator ` ! ` + 1.
Boundariesof 
 `+1 can intersect boundariesof 
 ` only at the boundary of the domain. An
exampleof a properly nestedgrid is shown in Figure 2. In the following algorithm, we will
restrict re�nements to be by a factor of two for simplicity. This is not essential, and di�erent
re�nement ratios have beenusedin other applications of the AMR approach.

3 Discretization

For easeof formulation, � ` and � ` on a level ` are cell { centered. This simpli�es the book-
keepinginvolved in maintaining a solution with di�erent levelsof re�nement. In contrast, in
a nodal point schemethe points on the boundary belongto both the �ne grid and the coarse
grid. In this cell { centered scheme� f is only de�ned on 
 f and � c is de�ned on 
 c � P(
 f ),
whereP is the projection operator. In other words, � and � are only de�ned on a grid where
it is not overlain by a �ner grid. So, we are computing a solution on a composite of valid
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Figure 2: A properly nestedgrid.

regionson di�erent levels. We will call this union of valid regionsthe composite grid:


 =
`maxX

`=0

(
 ` � P(
 `+1 )) : (4)

Care must be taken to make the coarse/�ne grid interfaceswork seamlesslyand to make
sure we get the accuracywe expect. This is a casewhere the naive approach will not work.
As an example, solve � c� c = � c, where � c is the averageof � f . Interpolate the boundary
valueson the border cells of 
 f to obtain the boundary conditions for the �ne mesh. Then
solve � f � f = � f . As it turns out, this givesthe sameaccuracyasthe coarsegrid alone. What
happened? � is continuous at the interface between the two domains, 
 c and 
 f ; however,
@�
@n is not continuous across@
 f . The jump in @�

@n is O(hc). This discontinuity looks like a
chargeon the interface. The issueis that this approach only transfers information from the
coarsegrid to the �ne but not back again. The coarsegrid passesinformation in the form
of a Dirichlet boundary condition. The �ne grid solution usesthe the Dirichlet boundary
condition; however, it changesthe slope of the solution along the interface. Not passingthis
changeof the solution back to the coarsegrid is the reasonthis method fails. In other words,
the coarsegrid solution never seesthe e�ect of the �ner grids. So, we needto enforceboth
Dirichlet and Neumann matching at the coarse-�ne interface. This is the elliptic matching
condition that must be met at coarse-�neinterfaces.

Becauseof this, we must construct a composite Laplacian operator L(� ) which is de�ned
for the di�erent regionsin the composite domain. For the region away from @
 f in 
 c the
operator is simply the normal coarsegrid stencil:

(� c� c) ij = (� c
i+1 ;j + � c

i � 1;j + � c
i;j +1 + � c

i;j � 1 � 4� c
i;j )=(hc)2: (5)
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For regionsaway from @
 f in 
 f the operator is the usual �ne grid stencil:

(� f � f ) ij = (� f
i +1 ;j + � f

i � 1;j + � f
i;j +1 + � f

i;j � 1 � 4� f
i;j )=(hf )2: (6)

In the boundary region we will needto use
ux di�erencing (� � = r � f , wheref = r � ) :

(� � ) ij = r � f

= (f i + 1
2 ;j � f i � 1

2 ;j + f i;j + 1
2

� f i;j � 1
2
)=h; (7)

f = r � :

f i + 1
2 ;j =

1
h

[� i +1 ;j � � i;j ]; (8)

f i � 1
2 ;j =

1
h

[� i;j � � i � 1;j ]; (9)

f i;j + 1
2

=
1
h

[� i;j +1 � � i;j ]; (10)

f i;j � 1
2

=
1
h

[� i;j � � i;j � 1]: (11)

Using a control volume, the discrete form of the Laplacian operator can be found. For
example,considera �ne grid to the left of a coarsegrid, as in Figure 3. Placing our control
volume around the coarsecell adjacent to the coarse/�ne interface and summing the 
uxes
passingin and out of the box,

(� � ) ij = (f i + 1
2 ;j � f ave

i � 1
2 ;j + f i;j + 1

2
� f i;j � 1

2
)=hc; (12)

f ave
i � 1

2 ;j =
1
2

(f f
top + f f

bottom ); (13)

where
f f

top=bottom =
1
hf

(� inter polated � � f ): (14)

On the boundary between coarseand �ne grids, � inter polated is calculated along @
 f by
interpolation, shown in Figure 3. First, quadratic interpolation is usedparallel to the interface
to get the intermediate points above and below the coarsegrid location. Then another
quadratic interpolation is usednormal to the interface to get valuesin the �ne grid \ghost
cell" positionsoutsidethe �ne grid. � f � f for �ne cellsadjacent to the coarse/�ne interfacecan
be computedwith the normal stencil using theseborder values,sincethis will be equivalent
to enforcingthe 
ux matching condition acrossthe interface.

Quadratic interpolation is the minimum necessaryto maintain secondorder accuracy
globally. Sincethe Laplacian is a secondderivative operator, it involvesa division by h2. If
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Figure 3: Interpolation on the coarse�ne boundary: Use quadratic interpolation through
coarsecells (open circles) to get intermediate values (solid circles), then use intermediate
value with �ne cells (X's) to get \ghost cell" values(circled X's) for computing coarse-�ne

uxes (arrows).
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Figure 4: Modi�ed interpolation stencil: Sinceleft coarsecell is covered by a �ne grid, use
shifted coarsegrid stencil (opencircles)to get intermediatevalues(solid circles),then perform
�nal interpolation as beforeto get valuesfor \ghost cell" values(circled X's). Note that to
perform interpolation for the vertical coarse-�neinterface,we will needto shift coarsestencil
down.

an interpolated quantit y hasan error of O(hp), dividing by h2 in the derivative results in an
error of O(hp� 2). So,with quadratic interpolation (p = 3), there is still an O(h) error at the
coarse-�neinterface. However, sincethe coarse-�neinterface is a set of codimensionone,we
can drop one order of accuracyand still be O(h2) globally. Sincewe want to use this type
of quadratic interpolation wherever possibleto link the coarseand �ne grids, we must use
di�erent interpolation stencilsfor special caseslike �ne grid corners(Figure 4). If oneof the
coarsegrid cells in the usual stencil is covered by a �ner grid, we then shift the stencil so
that only coarsecells in (
 c � P(
 f )) are usedin the interpolation parallel to the coarse-�ne
interface. If a suitable coarsegrid stencil parallel to the interface does not exist, we then
drop the order of interpolation and usewhatever coarsecellswe do have.

Interpolating using both coarseand �ne grids and using the same
uxes for both coarse
and �ne grids links the two grids enoughto �x the coarse-�ne interface problem. We now
can attain the improved accuracyexpectedfrom re�nement.
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4 Multigrid for AMR

The algorithm described here is a cell-centered extension of the node-centered algorithm
of Almgren, et al [8]. A similar algorithm was used for steady incompressible
o w for by
Thompsonand Ferziger[9] We want to solve

L(� ) = � on 
 (15)

whereL(� ) is the composite Laplacian operator described above.

For each re�nement level from ` = 0 to `max , we will obviously needto store 
 ` , � ` , and
� ` , where � ` and � ` are only de�ned on 
 ` � P(
 `+1 ), that is, wherever 
 ` is not over lain
by a �ner grid. Sincewe are using the residual-correctionformulation, for each level we will
alsohave to de�ne the residual R` and the correction è on the entire 
 ` .

Now that we have de�ned the variableswhich exist on each level, we needto de�ne the
operators that we will useto generatethe solution. First, the simplest operator is � h0 (	),
which is simply the �v e-point Laplacian on the physical domain 
 0.

The secondoperator we will de�ne is the Laplacian on a level, L ` (	), which is de�ned on

 ` � P(
 `+1 ). Away from the boundariesof 
 ` , L ` (	) is simply the normal � h` 	 ` that we are
usedto dealing with. In cells which abut the physical boundary or the 
 `=
 ` � 1 boundary,
we interpolate values into the border cells, and then evaluate � h` as usual. Finally, for
cells adjacent to the 
 `=
 `+1 boundary, we useour 
ux matching condition to generatethe

uxes acrossthe boundary. Thus, we always interpolate coarsegrid information asmentioned
earlier, and we always usethe 
ux matching condition to represent the in
uence of the �ner
grids.

Third, we de�ne the \no �ne" Laplacian, L nf ;` (	 ` ; 	 ` � 1), where 	 ` is de�ned on 
 ` and
	 ` � 1 is de�ned on 
 ` � 1 � P(
 ` ). This operator, which is de�ned on 
 ` , resembles the L `

operator, except that we assumethat there is no �ner grid information. So, away from
the boundariesof 
 ` , it is just the normal �v e point stencil. At the boundaries,we either
use interpolated Dirichlet boundary conditions as in Figures 3 and 4 or physical boundary
conditions where
 ` meetsa physical boundary. On the coarsestlevel, this is the sameasthe
� h0 (	) operator described above.

Finally, we will needsomethingwhich performsa point relaxation for Poisson'sEquation.
So, we de�ne GSRB LEVEL( è ; R` ; h`) on 
 ` . This doesone iteration of Gauss-Seidelwith
Red-Black ordering on the data on level `. This operation should know nothing about other
levels, although it should know the appropriate operators and boundary conditions to relax
on each level. Therefore,this operator looks like:

e`
ij := e`

ij + � f Lnf ;` (e` ; e` � 1 = 0) � R`
ij g (16)
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with red-black ordering. Red-black ordering meansthat we relax using two passesthrough
the domain in a checkerboard pattern: on the �rst pass,we relax on points where (i+j) is
even (the RED pass); on the second,we relax on points where (i+j) is odd (the BLACK
pass). Note that, becausethe GSRB LEVEL is designedto be unaware of both coarserand
�ner levels, the relaxation usesL nf ;` with all the coarsegrid information set to 0. For interior
cells, we usethe normal relaxation parameter � inter ior = h2

4 . For boundary cells, we will use
� boundar y = 3

4 � inter ior as the relaxation parameter.

For each level, the residual will contain two components. First, as in normal multigrid
relaxation, the residual on the level ` contains the residual from higher (�ner) levels, mostly
the low wavenumber error that is not damped out by the GSRB iterations at the �ner levels.
In addition, there is the residual from the operators on level ` where there are no overlying
�ner grids. If there is no overlying �ne grid, then we are starting our multigrid V cycle on
this level; otherwise,we are simply continuing the multigrid relaxation which was begunon
the �ner levels.

The basic algorithm is structured like a basic multigrid Poissonsolve { we start at the
�nest levels, then progressively coarsenand relax our way down the V-cycle, then solve on
the coarsestlevel, then interpolate and relax our way back up the V-cycle. The di�erence is
that in this case,the grids we're solving on may not encompassthe entire physical domain.

First, we de�ne the residual on the �nest level:

R`max := � `max � L `max (� ) (17)

Note that sincethis is occurring at the �nest level, the only boundary conditions are inter-
polated onesfrom either the `max � 1 grid or the physical boundary.

Then, starting at level `max , we relax on each level on the way down to the coarsestlevel.
For each individual level relaxation on the way down, this is the algorithm. First, set the
correction for next coarsestlevel è � 1 equal to 0 (to provide a boundary condition for the
current level.) Also, save a copy of the current version of � ` for later. Then, perform a
GSRB LEVEL operation on the current level:

e` := GSRB LEVEL (e` ; R` ; h` ) (18)

Then, usethis correction to update � on this level:

� ` := � ` + e` (19)

We will needthis current versionof � to enforcethe 
ux-matc hing conditionsat the interface
between this level and the next coarserone. Then, de�ne the residual on the next coarsest
level. Where the current �ner grid overlays the coarsergrid, average the residual (after
correcting it to include the current correction) on this level down to the next coarsestlevel.
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Otherwise,usethe coarsergrid information:

R` � 1 :=

(
Average(R` � Lnf ;` (e` ; è � 1)) on P(
 ` )
� ` � 1 � L ` � 1(� ) on 
 ` � 1 � P(
 ` )

(20)

Then, repeat this processon the next coarsest(` � 1) level. When we arrive at the coarsest
level, we have one domain. We can then iterate on � h0 e0 = R0 on 
 0. Once that is done,
update the coarselevel solution, � 0 := � 0 + e0, and start back up the V-cycle.

The procedureon the way up is slightly di�erent. First, we update the �ne grid (level `)
correction:

e` = e` + Interpolate(e` � 1) (21)

However, now we cannot blithely go directly to a GSRB LEVEL iteration, becausewe now
have a coarsegrid correction which we will needto useasa boundary condition. We handle
this the sameway we handle any problem with inhomogeneousboundary conditions: we
precondition the problem to make it homogeneous.So,we �rst must modify the residual:

R` := R` � Lnf ;` (e` ; e` � 1) (22)

Wethen de�ne a correctionto the correction,� è , set it to 0, and then performa GSRB LEVEL
operation on it:

� e` := GSRB LEVEL (� e` ; R` ; h` ) (23)

Then, we update �rst the correction, and then the copy of � ` which we had saved:

e` := e` + � e` (24)

� ` := � `;sav e + e` (25)

We continue this processon the next level up (level ` + 1), until we have updated all the levels
up to the �nest level. This V-cycle is repeateduntil we have reducedthe residual below our
tolerancefor each level (kR`k < � k� ` k for ` = 0; :::; `max , where� is our tolerance.).

Summarizing,the algorithm is:

R := � � L(� ):
While (jRj > � j� j)

R := � � L(� ):

MGRelax(`max ).
EndWhile

ProcedureMGRelax(`):
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if (` = `max ) then R` := � ` � Lnf ;` (� ` ; � ` � 1)
if (` > 0) then

� `;sav e := � `

è � 1 := 0

è := GSRB LEVEL (e` ; R` ; h`)

� ` := � ` + è

R` � 1 := Average(R` � Lnf ;` (e` ; è � 1)) on P(
 ` )

R` � 1 := � ` � 1 � L ` � 1(� ) on 
 ` � 1 � P(
 ` )

MGRelax(` � 1)

è := è + Interpolate(è � 1)

R` := R` � Lnf ;` (è ; è � 1)

� è := 0

� è := GSRB LEVEL (� è ; R` ; h` )

è := è + � è

� ` := � `;sav e + è
else

solve/relax � h0 e0 = R0 on 
 0

� 0 := � 0 + e0

Endif

5 Error Estimation

Once a solution has been constructed on the existing hierarchy of grids, we may need to
construct new re�ned levels,or we may decideto alter existing levels in order to improve our
solution. Beforeconstructing new grids, we must decidewherethey are needed.To do this,
we go through each existing level and \tag" cellswherere�nement is desired. In this process,
we may alsodecidethat previously re�ned cellswere unnecessaryand deallocate portions of
re�ned domains. There are many possiblecriteria for decidingwherere�nement is necessary.
In many physical problems, physical quantities like sharp density gradients or large charge
distributions may provide indicators for re�nement. The current implementation of the code
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Figure 5: Replacingerror in �ne grid boundary cells (shaded)with adjacent values.

is capableof using such user-suppliedcriteria to trigger re�nement.

In the current implementation, Richardsonextrapolation can also be usedto �nd areas
where the local truncation error is large, indicating a needfor re�nement. The basic idea is
to apply the operator (in this case,the Laplacian) to the existing solution, coarsenit, and
then compare it to the operator applied to a coarsenedversion of the solution. It can be
shown that the di�erence between the two is proportional to the local truncation error. In
terms of the existing operators,

Er ror` = Average(Lnf ;` (� `)) � Lnf ;` � 1(Average(� `)) (26)

Sincewe want to estimate the error on all existing levels, including those partially over
lain by re�ned grids, we needto modify this procedureslightly. Where a grid is coveredby a
re�ned patch, we usethe error computedon the re�ned level. Sincewe know that the error
is proportional to h2, we can rescalethe �ne error by multiplying by ( hc

hf )2 (the squareof the
re�nement ratio) and averageit onto the coarsergrid. This givesa reasonableapproximation
of what the error in a re�ned region would be if there was no re�nement.

As mentioned before,weexpect that the schemewill loseaccuracyat coarse-�neinterfaces
and that the local truncation error will be O(h) (oneorder lower than the rest of the scheme)
due to the coarse-�ne interpolation error. For the samereasons,the scheme will also lose
accuracyat physical boundaries,sincewe're using quadratic interpolation there as well. So,
if we naively usethe error computedusingequation(26) here,we will seea largeerror, which
will appear in a single layer of cells on both the coarseand �ne sidesof the interface. Both
in theory and in practice, however, this error on the coarse-�neinterfacedoesnot a�ect the
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Figure 6: Replacing error on coarseside of coarse-�ne interface with boundary cells from
averaged�ne grid values(shaded).

global accuracyof the scheme, since it is on a set of one dimension lessthan the problem
space.

So,we do not want to usethe local truncation error computedon thesecellsas a re�ne-
ment criterion; if we did, re�ned grids would simply expand until they reached the physical
boundaries. We don't, however, want to ignore the possibility that it may be desirableto
re�ne theseboundary cells. So, for each boundary cell, we copy the error from an adjacent
cell which is untainted by the interpolation error. Becauseareasof high error tend to be
patches,rather than singlecells, this works to indicate placeswherewe want to re�ne. Since
the interpolation error manifestsitself only in cellsadjacent to the coarse/�ne interface,only
one layer of �ne cellsand one layer of coarsecellsneedbe overwritten. In all cases,we copy
along an outward normal to the interface. On the outer boundariesof �ne levels and at
physical boundaries,this is straightforward, as shown in Figure 5. On coarsegrids, this is
simpli�ed by the fact that we have alreadyrescaledand averagedthe corrected�ne grid error
onto the coarsegrid. So, we can simply copy the error outward from the interior boundary
cellsof the projection of the �ne level, asshown in Figure 6.

Oncewe have compensatedfor the e�ects of re�ned grids and interpolation errors,we can
stepthrough each grid and tag cellswherever the error is greaterthan the desiredtolerance. In
our implementation, we tag cellswhenever the error is greater than a user-suppliedtolerance
� er r or multiplied by max(� ).
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6 Creation of the Grid Hierarc hy

Oncewe have decidedwhich cellsare to be re�ned, we needto usethis information to create
a hierarchy of levels. We use the algorithm of Berger and Rigoutsos[10], in which tagged
points are clusteredinto e�cien t boxes. The e�ciency of a grid is de�ned as the number of
cells in the grid which were taggedfor re�nement divided by the total number of cells in the
grid. The grid generator takes a list of tagged points and draws the smallest possiblebox
around them. If this grid doesnot meetan e�ciency criterion (typically ef f gr id � 0:7 or so),
the grid generatorwill look for the best way to subdivide the taggedpoints in order to create
more e�cien t boxes.

The grid generatoris designedto be as independent of the rest of the code aspossible.In
the current implementation it is a separateobject, which only needsthe currently existing
grids, the basedomain at each existing level's resolution, and an array of taggedcells.

7 Implemen tation

In the actual implementation of the AMR algorithm, a domain at level ` (
 ` ) is madeup of
a union of rectangular domains,so


 ` = [ k 
 `;k : (27)

The rectangulardomains
 `;k can overlap. Sincethere is no unique decomposition of 
 ` into
its constituent rectangles,one designpoint of the algorithm will be that the results should
be independent of the particular decomposition chosen. In regionswherethe di�erent 
 `;k 's
overlap, the values must be the same, if there is to be any hope of meeting the goal of
decomposition independence.(Note: while the algorithm will allow overlapping rectangles,
the grid generatorusedwill not createthem.)

In actuality, all quantities will be de�ned on each subdomain 
 `;k , rather than only the
valid regions
 ` � P(
 `+1 ). In the coveredregionsP(
 `+1 ) the grid quantities will be de�ned
as the averaged�ne grid values: � ` = Average(� `+1 ) on P(
 `+1 ).

When a new level is created, it is useful to initialize it with the best guessat a solution
possible,to speed multigrid convergence. To this end, whenever a new level 
 ` is created
(or recreated,in the caseof regridding) we �rst copy the solution from previously existing
grids at level ` wherever possible(this is relevant whenever we are changing the grids on a
preexistinglevel, rather than creatinga completelynewone),and then usepiecewiseconstant
interpolation of the next coarserlevel (` � 1) solution to �ll in the rest of the new 
 ` . In this
way, the new grids start o� containing an accuraterepresentation of the current solution.

In its current implementation, the AMRPoissoncode is written in C++ and Fortran. The
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Figure 7: Sample� .

basicorganizationand data structures are in C++, while the actual numericsare performed
in Fortran. There are three main data structures. The class levelAMR contains all data
and operations for a singlere�nement level, which is de�ned on a union of rectangular grids.
The classAMRPoissonis a parent classwhich contains and managesthe entire hierarchy,
which includes an array of levelAMR's. User interfacesare built into this class, as well.
Finally, the classGridGenerator is basicallythe grid generatorobject describedearlier. These
classesare built upon Boxlib, which is a library of C++ classesfor managing rectangular
domainsdevelopedby the Center for Computational Scienceand Engineeringat the Lawrence
LivermoreNational Laboratory [2].

8 Timing and Con vergence Results

The AMRPoisson code was tested on a sample problem with � equal to three Gaussian
charges,asshown in Figure 7. To give an ideaof grid placement, the grids usedfor a solution
with two levels of re�nement are shown aswell. To judge the e�ects of adaptivit y, we solved
this problem with a seriesof coarserbase grids, but with the same error tolerance. By
doing this, we solve the problem to the samelevel of accuracyeach time, but more levels of
re�nement becomenecessaryasthe basegrid becomescoarser.By setting the error tolerance
� er r or for the Richardson extrapolation error tagging routine to be 0.0005,no re�nements
were neededfor a basegrid of 1024X 1024,while one level of re�nement was neededfor a
512 X 512 basegrid (and two levels were neededfor a 256 X 256 basegrid, etc.). For all of
the solutions, the maximum error on the �nest grid as computed using Equation (26) was

15



BaseGrid Size h = 1/64 1/128 1/256 1/512 1/1024 total

1024x 1024 |- |- |- |- 1048576 1048576
512x 512 |- |- |- 262144 2304 264448
256x 256 |- |- 65536 10496 2304 78336
128x 128 |- 16384 17280 10496 2304 46464
64 x 64 4096 15360 17152 10496 2304 49408

Table 1: Number of cellsat each grid resolution, tabulated for di�erent basegrid sizeswhen
solving sampleproblem

4.27E-4. To show the e�ects of adaptivit y on the resulting grid hierarchy, the total number
of cellson each level is tabulated in Table 1. It is worth noting that, in every solution where
re�nement is employed, the number of cellsat the �nest resolution is constant at 2304,while
the number of cells at the second�nest resolution is constant at 10496. This points to the
e�ectivenessof Richardsonextrapolation asa consistent indicator of the necessaryresolution
for attaining a given level of accuracyin the solution.

Adding local re�nement to the solution did slow down the convergenceratesof the multi-
grid cyclesomewhat.The convergenceresultsare shown in Table 2. With no re�nement, the
Max(residual) was reducedby an averagefactor of 18.6per multigrid cycle. In other words,
the maximum of the residual after one full multigrid V-cycle was, on average, 1

18:6 times the
maximum residual at the start of the V-cycle. When oneor two levels of re�nement (with a
re�nement ratio of 2) were added to the solution, the convergencerate dropped to an aver-
agefactor 10.1 reduction per multigrid cycle. When a fourth level was added,however, the
convergencerate increasedto an averagefactor 15.2 reduction in the max(residual). With
a re�nement ratio of 4, the convergenceappearsto be somewhatbetter; one level of re�ne-
ment convergedwith an averagefactor 18.4 reduction in the residual, while for two levels,
the max(residual) was reducedby an averagefactor of 15.8 per multigrid iteration. Using
a re�nement ratio of 8 led to a markedly poorer performance,however. One level of factor
8 re�nement only showed an averagereduction in the max(residual) of a factor of 5.6 per
multigrid cycle. For the rest of this section,all timing results usea re�nement ratio of two.

To easily judge the e�ects of adaptivit y, timings were normalized by the timing for the
unre�ned 1024X 1024solution, which was 58.11secon an SGI Power Challenge(using O1
optimization). Also, the total number of cellsfor all levelsin each solution (including the non-
valid portions wheregrids are over lain by �ner grids) was recordedand likewisenormalized
by the total number of cells for the unre�ned grid, 1048576. The total number of cells is
an indicator of how much memory was usedin the solution. A log plot of thesenormalized
resultsappear in Figure 8. As can be seen,the total number of cellsin the solution decreases
with the number of re�nement levels,ranging from 30.6%of the basenumber of cellswith one
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Re�nement Ratio 1 level 2 levels 3 levels 4 levels
(no re�nement)

2 18.61 10.1 10.1 15.2
4 18.61 18.4 15.8 |-
8 18.61 5.59 |- |-

Table 2: Convergencerates (averagefactor by which max(residual) is reducedfor each multi-
grid iteration), tabulated for di�erent re�nement ratios and number of levels of re�nement

level of re�nement to 4.5%of the basenumber of cellswith three levelsof re�nement. Adding
a fourth level of re�nement actually increasesthe total number of cellsbecausesomuch of the
baselevel is being re�ned (in this case,93.75of the domain is re�ned to level 1). The timings
initially decreasestrongly with additional levelsof re�nement, up to two levelsof re�nement,
then level o� at around 15% of the CPU time for the unre�ned solution and actually rise
slightly. This leveling o� is due to the needwhenusingRichardsonextrapolation to compute
a solution with ` � 1 levelsbeforegeneratinga `th level. In other words, to computea solution
with two levels of re�nement, �rst a single grid solution must be computed, then the error
estimator de�nes the level 1 grids, which are then usedto computea two level solution, and
then the error estimator is able to createthe level 2 grids basedon the error computedin the
two level compositesolution. Sincethe coarserlevelsare, in general,small in comparisonto a
�ner basedomain, this is generallyinexpensive. However, with morelevelsof re�nement, this
can begin to o�set the savings in computational time. It shouldbe noted, however, that even
oncethe break even point has beenreached on CPU time, the additional re�nement in this
casestill represents a savings in memory. Obviously, whenthe total number of cellsincreases,
as is the casebetweenthree and four levelsof re�nement, CPU time will increasefaster than
the number of cells in the solution, due to the overheadof generatingand managingthe grid
hierarchy.
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Normalized Timings and Cellcounts
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Figure 8: Normalized timings.
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